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Exact density functionals for the exchange and correlation energies are approximated in practical
calculations for the ground-state electronic structure of a many-electron system. An important exact
constraint for the construction of approximations is to recover the correct non-relativistic large-Z
expansions for the corresponding energies of neutral atoms with atomic number Z and electron
number N = Z, which are correct to leading order (−0.221Z5/3 and −0.021Z lnZ respectively)
even in the lowest-rung or local density approximation. We find that hydrogenic densities lead to
Ex(N,Z) ≈ −0.354N
2/3Z (as known before only for Z ≫ N ≫ 1) and Ec ≈ −0.02N lnN . These
asymptotic estimates are most correct for atomic ions with large N and Z ≫ N , but we find that
they are qualitatively and semi-quantitatively correct even for small N and for N ≈ Z. The large-N
asymptotic behavior of the energy is pre-figured in small-N atoms and atomic ions, supporting the
argument that widely-predictive approximate density functionals should be designed to recover the
correct asymptotics.
In this work, we will find closed-form formulas for
the exchange energy and correlation energy of an
atom or atomic ion with electron numberN and pro-
ton number Z. We will paint with a broad brush,
seeking not the most accurate formulas but the sim-
plest and most understandable ones, from which we
can draw conclusions relevant to the construction of
density functional approximations for these energies.
In exact non-relativistic quantum chemistry [1],
the exchange energy of a many-electron system is the
Fock integral of the occupied Hartree-Fock orbitals,
and the correlation energy is the difference between
the true total energy and the Hartree-Fock total en-
ergy. The exact Kohn-Sham density functional the-
ory [2] for the ground-state energy and electron den-
sity employs instead Kohn-Sham orbitals that be-
long to a multiplicative external potential and re-
produce the true ground-state density, but the ex-
act Kohn-Sham exchange and correlation energies of
atoms and atomic ions are numerically almost the
same as those defined in quantum chemistry. The
conventional quantum chemical correlation energy is
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an upper bound to the Kohn-Sham correlation en-
ergy [3]. They are equal only when the correlation
energy vanishes for a one-electron system.
In Kohn-Sham theory, the exchange and correla-
tion energies are functionals of the electron density.
Approximations to these functionals are made for
the sake of practical computation for real atoms,
molecules, and solids. The simplest such approxi-
mation is the local density approximation (LDA) [2]
ELDAν [n] =
∫
n(r)εunifν (n(r))dr (1)
where n(r) is the electron density, ν = x (exchange)
or c (correlation), and εunifν (n) is the correspond-
ing energy per electron in an electron gas of uni-
form density n(r). (A spin-polarized system requires
εunifν (n↑, n↓).) Higher-rung functionals (e.g., Refs. 4
and 5) retain the correct uniform-gas limit while sat-
isfying other exact constraints.
Although LDA is exact for a density that varies
slowly over space, its relevance to real atoms and
molecules is not obvious. Dirac [6] added LDA ex-
change to the Thomas-Fermi model, and Schwinger
[7] may have been the first to realize that LDA ex-
change becomes relatively exact for neutral atoms
in the limit of large atomic number. In this limit,
2the bulk of the density becomes Thomas-Fermi like,
with a locally-slow spatial variation [8, 9], and the
exact energies have large-Z asymptotic expansions
[10–13]
Ex(Z,Z) = −AxZ
5/3 +BxZ + ... (N = Z) (2)
Ec(Z,Z) = −AcZ lnZ +BcZ + ... (N = Z).(3)
The leading coefficients (Ax = 0.221 hartree, Ac =
0.021 hartree) are known [12–14] to be those from
the LDA evaluated on the self-consistent Kohn-
Sham (or Thomas-Fermi) density for large N = Z,
and corrections to LDA (e.g., Refs. 4 and 5) can
give higher-order coefficients. Recent work [15–17]
has shown that errors of even a few percent in the
uniform-density limit can seriously undermine the
accuracy of approximate density functionals for the
equilibrium properties of atoms and small molecules.
Somewhat related to the large-Z expansion is the
1/Z perturbation expansion [18, 19] of the total en-
ergy of an N -electron atomic ion
E(N,Z) = Z2
[
ε1(N) +
ε2(N)
Z
+ ...
]
. (4)
Only a few of the coefficients in Eq. 4 are known, and
only for a few small values ofN . In the limit N ≪ Z,
the leading terms of Eq. 4 should be relatively ac-
curate. Moreover, the first term exactly describes
N = 1. The unperturbed problem has a hydrogenic
density that occupies the N scaled (Z3/2ψi,σ(Zr))
hydrogen-atom spin orbitals ψi,σ(r) of lowest energy.
Clearly, for Z ≫ N − 1, the −Z/r interaction of
the electron with the nucleus will dominate all other
terms in the Kohn-Sham one-electron potential. For
Z = N , however, the exact Kohn-Sham potential
will vary from −Z/r to −1/r as r increases from 0
to ∞. Moreover, by the Hellmann-Feynman theo-
rem, Z∂E(N,Z)/∂Z is the electron-nuclear attrac-
tion energy.
The various components of the total energy also
have 1/Z expansions. For example,
Ex(N,Z) = α1(N)Z + α2(N) + ... (5)
Ec(N,Z) = β1(N)Z + β2(N) + ... . (6)
Except for special cases of emerging degeneracy
(e.g., N = 4, where [20] the unoccupied 2p or-
bital becomes degenerate with the occupied 2s or-
bital as Z → ∞), β1(N) = 0 and (as the nota-
tion suggests) β2(N) is finite and independent of
Z. This behavior of the exact correlation energy
[21] arises because the hydrogenic density Z3fN(Zr)
is uniformly scaled to the high-density limit when
Z → ∞ at fixed N . The coefficients α1(N) and
β2(N) for small N are reported in Tables I and II of
Ref. 22. Our Table I shows that α1(N)/N
2/3 and
β2(N)/(N lnN) are nearly independent of N (not
TABLE I. The leading coefficients α1(N) and β2(N) in
Eqs. 5 and 6, from Ref. 22, divided by the displayed
functions of electron number N .
N −α1(N)/N
2/3
−β2(N)/(N lnN)
2 0.3937 0.0337
3 0.3471 0.0163
7 0.3508 0.0174
8 0.3569 0.0184
9 0.3658 0.0187
10 0.3766 0.0186
11 0.3647 0.0173
noticed in Ref. 22), suggesting that α1(N) ∼ N
2/3,
and β2(N) ∼ (N lnN). Here, we use ∼ to denote
the leading-order behavior of a function. Thus, at
least for N ≪ Z and for N such that β1(N) = 0,
Ex(N,Z) ≈ −0.354N
2/3Z (7)
Ec(N,Z) ≈ −0.02N lnN. (8)
(We use the “approximately-equal” sign rather than
a strict equality, as the numeric values are estimated
from the data in Table I.) Extrapolating to large
N “by eye,” we estimated the coefficient in Eq. 7
to be -0.36 from Table I; the reason for the value
-0.354 is explained in the next paragraph. Now,
setting N = Z in Eqs. 7 and 8 leads to a re-
sult that is qualitatively and semi-quantitatively like
the leading terms of Eqs. 2 and 3. In particular,
Ex(Z,Z) ∼ Z
5/3 and Ec(Z,Z) ∼ Z lnZ. The pri-
mary difference is in the coefficient of Z5/3, in part
because the density functional for the exchange en-
ergy depends on the detailed shape of the electron
density (e.g. hydrogenic vs. self-consistent neutral
Thomas-Fermi) but not so for correlation in leading
order. The Appendix presents a simple derivation
of the leading-order terms in the asymptotic series
for the correlation energy, and shows that they are
identical for hydrogenic and self-consistent neutral
Thomas-Fermi densities.
The more important conclusion, which will be val-
idated and applied in the rest of this article, is that
the large-N asymptotics of the exchange and cor-
relation energies for Z ≫ N are discernible even
for small N . A corollary to this is that the large-
N asymptotics can be roughly estimated from the
small-N energetics.
Conlon [23] showed that, in the limit Z = N →∞,
the Hartree-Fock exchange energy for any Coulomb
system tends to the LDA exchange energy evaluated
on the self-consistent Thomas-Fermi density. Thus,
there is no inherent contradiction in the values of
the exchange coefficient: hydrogenic densities are
not the correct Z ≈ N → ∞ limits. The Thomas-
Fermi approximation to the hydrogenic density, nTFh ,
3is known analytically (refer to Eq. A.3 in the Ap-
pendix or Refs. 12, 24, and 25). Evaluating the LDA
on the Thomas-Fermi approximation for the hydro-
genic density of a neutral atom yields, for N = Z,
ELDAx [n
TF
h ] =
(
2
3
)1/3
4
pi2
Z5/3 ≈ −0.354Z5/3. (9)
For heavy positive ions, where N < Z → ∞, the
LDA exchange energy evaluated on the hydrogenic
Thomas-Fermi density tends to [24, 26], for N ≤ Z,
ELDAx [n
TF
h ] = −0.354N
2/3Z
[
1 +O
(
N
Z
)]
. (10)
A numeric estimate of this coefficient from Ref. 27
on a neutral hydrogenic density of 2030 electrons
agreed precisely with the analytic values of Eqs. 9
and 10.
The exact exchange energy for a given spin-
unpolarized density n(r) is expected to be bounded
by the conjectured tight lower bound [28]
Ex[n] ≥ 1.174E
LDA
x [n], (11)
satisfied for all spin-unpolarized densities by LDA
and SCAN [5], but not by PBE [4]. LDA typi-
cally becomes relatively exact as more electrons are
packed into a given volume of space. We give an al-
ternative derivation of the exactness of LDA in the
large fixed N and Z → ∞ limit in the Appendix,
based on a scaling argument.
Eq. 5 suggests that the leading correction BxZ of
Eq. 2 arises in part from the two 1s electrons that
are present in any atom of large Z and for which the
density never becomes slowly-varying. This is anal-
ogous to the Scott correction [29] to Thomas-Fermi
theory. Within Thomas-Fermi theory for atoms and
ions, the majority of electrons are within a distance
Z−1/3 from the nucleus, whereas the Scott correc-
tion applies [30] to electrons within a distance Z−1.
In the limitN = Z →∞ and at distances short com-
pared to the Thomas-Fermi scale Z−1/3, the density
is approximately independent ofN , a Bohr-like atom
[30].
In the limit 1 ≪ N ≪ Z, the Thomas-Fermi hy-
drogenic density becomes slowly-varying on the scale
of the exchange energy, but not on the scale of the
correlation energy. This is demonstrated in the Ap-
pendix using scaling arguments. The LDA is by def-
inition exact for any uniform density, thus the LDA
exchange energy is exact as Z →∞ (where the den-
sity becomes high and locally uniform). This ar-
gument cannot determine the exactness of the LDA
correlation energy, but suggests that the convergence
of the exact correlation energy to the LDA in the
limit 1≪ N ≪ Z is slower than for the exchange en-
ergy. It is known [14] from a direct semiclassical cal-
culation that the LDA correlation energy is exact to
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FIG. 1. The scaled exact exchange [32] (blue) and
scaled exact correlation energies [12] (orange) of the non-
relativistic, neutral rare gas series. The smooth curves
are a guide for the eye, and not intended to be extrap-
olative.
leading-order for heavy neutral atoms N = Z →∞.
At next-to-leading order, the LDA coefficient is of
the wrong sign [12], motivating the need for gradi-
ent corrections for real systems [31].
Figure 1 shows that the exact exchange energies
[32] of the neutral rare-gas atoms divided by Z5/3
vary from an almost-hydrogenic value at Z = 2 to a
more Thomas-Fermi-like value at Z = 54. The more
compact hydrogenic density has a more negative ex-
change energy for a given Z = N . The exact correla-
tion energies [12] divided by Z lnZ in Fig. 1 show an
almost constant value of -0.014 from Z = 18 to 54.
Interestingly, a much better coefficient of Z lnZ for
neutral atoms of large Z can be found by approach-
ing from the fixed N , large Z direction, as shown in
Table I and the Appendix. For the series of neutral
atoms, one needs to extrapolate carefully [12, 13, 15]
to much larger Z to approach the asymptotic limit,
but that limit is clearly pre-figured in the energies
of real atoms. This suggests that widely-predictive
approximate functionals should be constrained to re-
cover the correct large-Z asymptotics. And, in fact,
LDA [2], PBE [4], SCAN [5], and acPBE [13] se-
quentially improve [5, 13] the large-Z asymptotics.
Moreover, in the non-relativistic Z → ∞ limit,
the periodic table becomes perfectly periodic, with
limiting first ionization energies for each column that
increase across each row and for which the local den-
sity approximation for exchange and correlation may
become relatively exact [33].
The explanations given here for the fundamen-
tal relevance of the LDA and its generalizations to
real atoms and molecules were pioneered in work
[8, 9, 12, 13] which focuses on LDA’s correctness
4for neutral atoms, molecules, and solids of large
atomic number. They constitute a third wave of
such explanations. The first wave focused on LDA’s
satisfaction of exact constraints on the exchange-
correlation hole around an electron [34–36]. The sec-
ond wave, following Refs. 4 and 5, focused on the
fact that LDA inherits many (about nine) exact con-
straints on the density functional for the exchange-
correlation energy from its appropriate norm, the
uniform electron gas.
Our observation, that the large-N asymptotics of
the exchange-correlation energy are “writ small” in
the energies of atoms of very small N , is a contri-
bution in support of this third wave of explanations.
This prefiguration in small-Z neutral atoms is known
[10] but not always emphasized [11, 32, 37]. (The
reasonable accuracy of LDA exchange for neutral
atoms of small Z is also shown, for example, in Fig.
3 of Ref. 37) The large-Z asymptotes by themselves
are insufficient, since a pseudopotential method can
remove them without significantly changing the en-
ergetics of the valence electrons, but Ref. 33 demon-
strated its importance for energy differences.
Recent work has shown that the Perdew-Zunger
self-interaction correction (PZ SIC), which makes
any approximate density functional exact for non-
overlapped one-electron densities, introduces errors
of as much as 6% in the large-Z or slowly-varying-
density limit [15], and that these errors can degrade
the predicted equilibrium properties of molecules.
Carefully scaling down the PZ SIC correction to zero
in slowly-varying regions yields much better results
[16, 17]. The LYP correlation functional is highly ac-
curate for first and second row molecules, but highly
inaccurate for the uniform gas. To be appropriate for
both solids and molecules, a density functional for
exchange and correlation should recover LDA in the
uniform limit, and correct LDA for finite systems.
Beyond that, Ref. 13 demonstrated that small mod-
ifications of the PBE functional (which in its orig-
inal form recovers LDA exactly in the appropriate
limit, and roughly predicts the next-order terms of
the large-Z expansion), to recover exactly the next-
order terms in Eqs. 2 and 3, moderately improve
the PBE atomization energies of molecules. In fu-
ture work, we hope to test the idea that recovery of
the next-order terms in Eqs. 2 and 3 can be used
more generally to improve approximate density func-
tionals.
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Appendix: Hydrogenic Ions with 1≪ N ≪ Z
In the heavy ion limit, with N fixed to a large
value and Z → ∞, noninteracting Thomas-Fermi
theory becomes relatively exact [19, 25]. One can
show that the density of non-interacting Thomas-
Fermi theory is given by
n(r) =
1
3pi2
[2(µ− vext(r))]
3/2
Θ(µ−vext(r)) (A.1)
where the chemical potential µ is a Lagrange multi-
plier determined by
∫
n(r)d3r = N , and Θ is a step
function defining the turning surface. Let
ν = N/Z (A.2)
be the degree of ionization such that 0 < ν ≤ 1.
We do not consider the case N > Z, as it has been
found that N ≤ Z + 1 for real atoms [38]. In the
spherical case, one can rewrite the non-interacting
Thomas-Fermi density in terms of the dimensionless
variable x = r/rc, with rc the turning surface radius.
For hydrogenic densities, vext(r) = −Z/r, and thus
rc = −Z/µ (NB: µ < 0 in this case as vext(r) < 0 for
all r). Constraining the density to integrate to N
determines rc = (18N
2)1/3/Z, allowing the density
to be rewritten as
n(x) =
Z2
ν
2
9pi2
(1/x− 1)3/2Θ(1− x). (A.3)
In the limit Z ≫ N − 1, a hydrogenic density built
up from Z-scaled hydrogen-atom orbitals obeying
the hydrogen-atom aufbau principle becomes rela-
tively exact. With the additional condition N ≫ 1,
Eq. A.3 becomes relatively exact almost everywhere,
so it usefully imitates a hydrogenic density with
N ≫ 1. Here, “almost everywhere” means a re-
gion excluding electrons in the density tail or very
near the nucleus, but including all of the electrons
in the order of limits in which Z → ∞ is followed
by N → ∞. As we lack a simple, closed-form ex-
pression for a hydrogenic density constructed from
hydrogen-atom orbitals in the largeN limit, the non-
interacting Thomas-Fermi density is needed to de-
rive the asymptotic properties of hydrogenic densi-
ties.
5From the scaling of n(x) with Z and ν, we see
that the Wigner-Seitz radius rs(r) = [4pin(r)/3]
−1/3
scales like
rs(x) =
ν1/3
Z2/3
3pi1/3
2
(1/x− 1)−1/2Θ(1− x). (A.4)
In the heavy ion limit, as N < Z with Z → ∞, rs
tends to zero (the “high-density limit”) except near
x = 1. In the heavy neutral atom limit, N = Z →
∞, rs → 0 as well. Note also that rc → 0 as Z →∞,
implying that the density localizes near the origin in
this limit.
The LDA is exact for any uniform electron density,
and is relatively exact for any slowly-varying elec-
tron density. We say that a density is slowly-varying
when its dimensionless gradients are less than order
one. For exchange, the appropriate dimensionless
density-gradient is s(r), defined on the scale of the
Fermi wavevector kF (r) = [3pi
2n(r)]1/3,
s(r) =
|∇n(r)|
2(3pi2)1/3n(r)4/3
, (A.5)
and for correlation, the appropriate density-gradient
is t(r), defined on the scale of the Thomas-Fermi
screening wavevector ks =
√
4kF /pi,
t(r) =
(
3pi2
16
)1/3
φ(ζ)s(r)
rs(r)1/2
. (A.6)
Here, φ(ζ) is a function of the spin-polarization ζ
defined in Ref. 4. We know that the density is effec-
tively spin-unpolarized in the limit of large N , for
which φ(ζ = 0) = 1 and can be ignored throughout.
The LDA exchange (correlation) energy will be rela-
tively exact in the heavy atom limit if 0 < s(r)≪ 1
(0 < t(r) ≪ 1), and will be exact if s(r) → 0
(t(r) → 0) as Z → ∞. These are presumptively
sufficient conditions to determine the exactness of
the LDA; the LDA may still be relatively exact even
if they are violated.
From Eq. A.3,
|∇n(x)| =
Z7/3
ν5/3
4
184/3pi2
[
3
2x2
(1/x− 1)1/2Θ(1− x) + (1/x− 1)3/2δ(1− x)
]
; (A.7)
the delta function is irrelevant, as x approaches 1 from below, thus the dimensionless gradients scale
as
s(x) = Z−1/3ν−1/3
(
3
16
)2/3
x−2(1/x− 1)−3/2Θ(1− x) (A.8)
t(x) = ν−1/2
1
8
(
3pi
2
)1/2
x−2(1/x− 1)−5/4Θ(1− x). (A.9)
Both s and t are divergent as x → 0 and x → 1.
However, for 0 < x < 1, s(x) → 0 as Z → ∞ in
both the heavy ion and neutral atom limits, thus
the LDA exchange energy becomes relatively exact
as Z → ∞. This constitutes a simple argument for
the exactness of the LDA exchange energy as found
by Refs. 23 and 26. But, in the neutral atom limit,
t(x) ∼ O(1), not characteristic of a slowly-varying
density. As the condition 0 ≤ t≪ 1 is only sufficient,
our scaling argument cannot determine if the LDA
correlation energy is exact in the heavy neutral atom
and heavy ion limits.
This scaling analysis, applied to the self-consistent
Thomas-Fermi density of a neutral atom, shows that
s ∼ Z−1/3, but t ∼ O(1) as Z → ∞. As noted in
Ref. 8, LDA still seems to get the correct leading
term in Eq. 3, although PBE (which employs t)
preserves the correct leading term and improves the
next term in Eq. 3. Ref. 8 also shows that s is
already rather small in the closed-shell atoms Kr and
Rn.
The coefficient of the leading-order terms in Eq.
3 can be determined by the scaling properties of
a given density. Moreover, the scaling behavior of
the density is sufficient to determine if the LDA ex-
change and correlation energies are separately ex-
act in the high-density limit. In the high-density
spin-unpolarized limit, the LDA correlation energy
6density tends to εLDAc = c0 ln rs − c1, where c0 =
(1 − ln 2)/pi2 ≈ 0.0310907 and c1 ≈ 0.046644 are
known from many-body perturbation theory [39].
Consider a family of densities n(r/rc) that can be
written as a function of the dimensionless position
variable r/rc, with rc the turning-surface radius de-
fined by µ = vext(rc). The density may be expressed
in powers of the nuclear charge Z, the ionization de-
gree 0 < ν = N/Z ≤ 1, and a position-dependent
function f(r/rc),
n(r/rc) = Z
ανβf(r/rc) (A.10)
with α ≥ 0 and β real numbers. The high-density
expansion of the LDA correlation energy evaluated
on this family of densities yields an asymptotic series
of the form
ELDAc = −
c0
3
N [α lnZ + β ln ν]−KLDAN. (A.11)
KLDA is a constant dependent upon f(r/rc). For
a self-consistent Thomas-Fermi density (α = 2 and
β = 0) in the neutral limit (ν = 1), this series yields
the coefficient Ac = −2c0/3 = −0.020727 in Eq. 3.
It was shown in Eq. A.3 that the non-interacting
Thomas-Fermi hydrogenic density satisfies this scal-
ing behavior with α = 2 and β = −1, thus its leading
order asymptotic series of Eq. 3 is identical to that
of the self-consistent Thomas-Fermi density in the
neutral limit.
Note that the scaling behavior shared by hydro-
genic and self-consistent Thomas-Fermi densities is
not universal. For an isotropic harmonic oscilla-
tor potential vext(r) = Zr
2/2, the non-interacting
Thomas-Fermi density is
n(r/rc) = Z
5/4ν1/2
241/2
3pi2
[1− (r/rc)
2]3/2Θ(1− r/rc), rc =
(
24N
Z3/2
)1/6
(A.12)
which has a leading-order coefficient of −5c0/12 =
−0.012954 in the “neutral” limit with ν = 1.
A concern might come to mind: Eq. A.11 has
explicit Z dependence, but the perturbation series
of Eq. 6 suggests that the exact correlation energy
should not depend upon Z, when there are no emerg-
ing degeneracies. Recasting Eq. A.11 as
ELDAc = −
c0α
3
N lnN −
[c0
3
(β − α) ln ν +KLDA
]
N
(A.13)
allows for a more direct comparison with Eq. 6. The
dominant or N lnN term in Eq. A.13 is consistent
with the numeric results of Table I. The next or N
term is known to be incorrect even for the neutral
case. The LDA correction applies at best only to the
limit Z → ∞ with N/Z fixed, and not to the limit
Z →∞ with N fixed. There exists an exact K that
is not recovered accurately by the LDA.
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